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In [1] we considered the convergence of diagonal sequences of Padé
approximants of meromorphic functions of the special type
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The method utilized certain series expansions for the persymmetric deter-
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We use this expansion below to give an elementary treatment of the conver-
gence of diagonal sequences of Padé approximants of functions of the form

@ fx)=c+a+ o+ cax

P Sk

a; — x a; a? a;’

satisfying the conditions:

(i) thec;;i=0,1,..,r— 1 are arbitrary complex numbers,
(i) the A; are real,
(iii) the a; lie on a line L through the origin, ie., for some 8,
a, = d,e'® for all i with the d; real, and
(V) 0<|di|<dy| <dy|<--with ¥, | 4Jdi* | < 0.

When r = 0, we take f(x) to be of the form (1). Let S, denote the part of the
line L given by

_ {xrargx =0, x| = dy} if d;>0 for all i,

So = {x:xeL x| >=\d [} if d;, <0 for some i.

We let fo.n(X) = P n(X)/Qm.o(x) denote the reduced (m, n)-Padé approxi-
mant of f(x). We have the following theorem.

THEOREM. Let f(x) be as described in (2). If p is an integer such that
p=r—1and A;/d;? > 0 for all i, then the sequence {fy y(X)} converges
to f(x) uniformly on any compact set bounded away from S, .

Remark. When r = 0 and p = —1 we interpret the sequence of approx-
imants as the diagonal file lying immediately below the principal diagonal
file of the Padé table.

The theorem covers three cases.

Case A. If A, >0 and d; > 0 for all i, we may take p >=r — 1 to be
arbitrary.

Case B. 1f A, > 0 forall i, but d; << O for some i, we take p = r — 1 to
be even.

Case C. If sign A, =signd; for all i, we take p =r — 1 to be odd.
To facilitate the exposition of the proof of the theorem we list some nota-
tion and formulas which were given in [1] in slightly modified form:

(3) 4%, and 4,, ,(x) are the determinants obtained from 4,, , by replacing
the first row bY Cpymis > Crnomriot 5o Cnys @and by 1, x, x2,..., x™, respec-
tively.
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(4) Let S(m) denote the set of all m-tuples (k;, ks ,..., k) of positive
integers such that k; <k, < --- < k,, . For every k € S(m), define

Trﬁ,mw = AklAkz Akm(dkl dkg dkm)_(zmﬂ) H (dkj — dk,-)z-

l<i<i<m
5) Forp=r—1,

Am—l,m+p - (_l)m(m—l)/z e—m(m+p+1)ie z T,’f,,m+,,

ke S{m)

© Ifp=r—1,

A i n(X) = (_l)m(m—l)/2 oM mtp+1)io Z T i H (1 X )

keSim) v=1 a,

(7) For Ay y iy # 0,
o) = Arnmso) g
) If Ay ey %0,
) Qmss®) — Prumen®) = Ak ey z A x2S
9 Ifd,,.#*0andn>m—1,

Pm+1,n+1Qm,n - Pm,an+l,n+l = (—l)m(Am,n+1/Am—1,n) xm+n+l.

P, P m-1 A, . X2i+D41L
10 mm+p __ 2 0,p + —1) L i+o+1
10 o =00 T & OV AL, GO

lf Ai—l,’H—D #: 0 for l - 0, 1,...,m - 1

The expansions (5) and (6) were originally given only in the case where
r = 0 and @ = 0. That they remain valid for functions of the form (2), when
p =r — 1, is easily seen from the fact that the determinants 4,,_, ., and
4., i p(x) involve only the ¢, for n > r and we have for n > r that

The formulas then follow as in [1].

In order to discuss the convergence of the sum (10) we will need appro-
priate estimates for the quantities | 4, ;, 1/ 1,00 | a0d | Q; ;1 ,(x)|. These
are obtained in the following lemmas.
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LeMMA 1. Under the conditions of the theorem, 4,,_; ., % 0 for ¢ll m
and
( Am.m+m+1/Am——1.m+1x 1 < { cp+1 l l ala2 e am/2 : 2 t 2 l~2~

Proof. Observe that because A4;/d;” >0 for all i, it follows from (4)
that 7% .., > O for all &k € S(m). Hence

| Dy gy | = ’(_l)m(m—l)/z o~mimep+Di0 y T:rct,m-{—pl
ke S{m) !
= Y Thmp >0
ke S(m)
Also
l Am,m+1¢+1 | = Trlfz+1,m+p+1
ke S(m4-1)
= 3 | Ty e, )
ke S(m)
R e R e |
ik, +1 d? 2 dkmﬂ dkm+1
< Tk een -2 = Ai 22m
= Z momap) | G1dy " O | Z grie
keS(m) i=m+1 %

< Am—l,m+p [ ady anf2 - 22072 Coi1 L.

This proves the lemma,

Let f(x) denote the function obtained from f(x) by setting 6§ = 0, so that
a; = dz . Let Jm—l,m+m > Zm,m+z)(x)’ ﬁm,m+p(x) and Qm.m+p(x) denote quanti'
ties corresponding to f(x). We then have:

LEmMA 2. The polynomials Qry . ,(X) have only real zeroes.
Proof. From the identity
P’m+2.m+p+29m,m+p - ﬁm,m+me+2.m+zz+2

= [f(x) Qm.m+p — Fm,m+p] Q~m+2.m+zl+2

— [f (%) Qmizmipre — Prmismiprel Dmmep

and (8), we see that the right-hand side is divisible by x?+7+1, Hence since
the left-hand side is a polynomial of degree at most 2m + p -+ 2 it must
have the form

(11) (rmip + S mynX) X2
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From (9) we obtain

(12) P ismizi1@mmin = PonmssOmitminin
= (—l)m(Jm,m+ﬂ+1/j’In—l,m+p) x¥m+ptl
and

Pm+2,m+p+2Qm+1,m+p+1 - Pm+1,m+p+1Qm+2,m+p+2

= (1" pssmspsa/ D) X275,

Substituting (11) and (12) into the identity

[Pm+1,m+13+IQm,m+m - Pm,m+me+l,m+m+l] Qm+2,m+p+2
+ [Pm,m+an+2,m+p+2 - m+2,m+p+2Qm,m+p] Qm+1,m+p+1

m+2,m+p+sz+1,m+p+l] Qm.m+11

= [Prirmiv1Omismivie
yields the equation

4,

(=™ Srmiprl x2m+ﬁ+IQm+2,m+p+2 — (Fmmsp T SmmpX) x2m+1’+IQm+l,m+p+1

Vi ——
= (=D (jm+1,m+p+2)/(jm,m+p+1) x2m+p+SQ~m’m+p .
On dividing this equation by ( —l)m(ﬁm,mﬂﬂ/ﬁm_l,mﬂ,) x*m+P+l and trans-
posing we get
Qm+2,m+p+2 = (Fm,mtp + Sm,mipX) Qm+1.m+p+1
+ (Zm—l.m+11A~m+1,m+ﬂ+1/Z72n,m+p+l) ngm,mw .

Setting x =0 and using the fact that Q, .(0) =1 it follows that
Tm.m+p = 1. Then introducing the notation

Sm,m+11 - S;’:L,erzl s
i A A2
tmmtp = _(Am~1.m+ﬁAm+1,m+p+1/Am,m+p+1)=

one gets

(13) Onizmive = (I + Smms %) Omirminis — tmmepX*Omomep -

The numbers $y,,m4p, and ¢, .., are real and in fact using (4) and (5) it is
easy to see that ¢, ,,., > 0. Now consider the new polynomials defined by

(14) O 1) = ¥ Os ().

X
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From (13) and (14) it follows that

*
(1 5) Q:z+2,m+1z+2 = (sm,m+p + .X) Q::L+1,m+p+1 - tm,m+me,m+D .

One now proceeds as in the theory of G-fractions; see [2, p. 204]. Let

(16) Q;;.m+p()_€) Q7t+1,m+p+l(x) = Xm,m+p + iYm,m+11 .

Multiplying both sides of (15) by Q. 1 mip(X) and equating imaginary
parts we get

_ * 2
Yoimiraa = 1| Omitminn I+ twmioYmmin

where x = £ + in. Hence, if 7 5 0,

Ym+1,m+p+l/77 = tm,m+12(Ym,m+1z/7])9

and since Y, , = 7 it follows that

a7 Ioamee > {11, >0
i=0

From (16) and (17) we see that if y # 0, then O, ... » +1(x) # 0, and hence
the polynomial has only real zeroes. Since the roots of Q. .1 mip4a(X) are
the reciprocals of the roots of Q% ., ... ,.1, the lemma follows.

LemMA 3.  The polynomials Q,, m.»(x) have all their zeroes in the set S, ,
and, in fact, for any compact set G, bounded away from S, , there exists a
8 > 0 such that

| Ommin(X)| = 8" forall xeG.
Proof. From (4)(7) it follows easily that

Am—l,m+p =exp(—m(m +p + 1) ie) A~m—1,m+p s

and
A mi(X) = exp(—m(m + p + 1) i0) 4y . ,(xe7),
so that
O+ (X) = O, p(x€).

It is therefore sufficient to prove the lemma in the case # = 0. Hence we
consider the function f (x) introduced above and we assume that G is bounded
away from S, .
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For 0 < 8; < | a4 |, define
Gy(8y) = {x: | Im(x)] = &y},
Gy(8,) = {x: | Re(x)| < [a,| — 33},
G3(8;) = {x: Re(x) < |a; | — 8}
Now since G is bounded away from S,, we may choose 8, > 0 such that

(18) G C G,(8,) U G4(8,) incase A, and
G C G1(8;) U Gy(8;) 1in cases B and C.

Since G is bounded, choose R such that G C{x: | x| << R}. We claim that
6 = §;/R satisfies the requirements of the lemma. To show this, let
Uy , Uy ,... Uy, denote the roots of §,, ... ,(x). From (14) we have

a1 G - [ L
>lx|’"jj Im(%-]7l) :Iximﬁ Im(_)lc_)‘
=t () =12

Therefore for x € G1(8,) N G we have
(19) | Qs = [ x ™ = (8;/R)™ = o™

Furthermore, since | 1 — (x/u,)] = | | — (£/u;)| we get

| O p () = I_m] 11— (efudl =TT 11— ) = | Omen(é)l-

4=1

Assume x € G(6,). Then
Ela, < | €la;| < €lay| <lay| —8)/lay]| =1 =3/ al

so that
1 —¢§la; = 8yfla | = 8,/R = 6.

Hence for all & € S(m),

1a - ¢a,) = om

v=1
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It therefore follows from (5)-(7) and the fact that T% ., > O that
(20 | Qs )| = | Omman(E)] = 8 -

The lemma now follows in cases B and C by (18)—(20).
In case A, a; > 0 for all 7 so that for x € G4(5,),

éla; < (@, — 8)la, =1 — b/ay,

and hence 1 — §/a; > 8,/a, > 6,/R = 8. Consequently we get, as before,
| O o) = | Ormomrn(€)] = 8™, This together with (18) proves the lemma
in case A as well.

Proof of the Theorem. Let G be as in the last lemma. Hence
G C{x: | x| < R} and there exists 6 > 0 such that | Q; ., ,(x)] = & for all
x € G and for all i. Choose N such that

| ay| > 4R/S,
and so
| 2R/a; 8| < % for i > N.
By Lemma 1,

(—1) d;ivpn xripH

Ai~1.i+ﬁ Qi,i+ﬂQi+1,i+P+1

<le |1a1az"'ai —2 R2+pil ~ e IR’H'1 2R 2R 2R 2

St 2] s T TP s g8 a8 a8
Rr+l| 2R 2R 2 1 2 )

<lewnl 55|05 " ans ((5—) <M#, forall xeG.

It follows that the sum (10) converges uniformly to a holomorphic function
g(x) in G. Since we also have uniform convergence in a neighborhood of
the origin and since f,. ,(0) =nlc, for n <2m+1 we see that
gl = nle, . Hence g(x) = f(x) for all x € G. This completes the proof of
the theorem.

ExaMpPLES. Some simple examples to which our theorem applies are:
tan x, cot x — 1/x, [I"(x)/I"(x)] + (1/x), tanh x and coth x.
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